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 
Abstract—In order to improve the robustness and torque 
performance of a dual-flux-modulator magnetic-geared machine 
(DFM-MGM) considering simultaneously both random and 
interval uncertainties of design parameters, a multi-objective 
robust optimization (MORO) method with multiple Monte Carlo 
simulations (MCSs) is proposed. In this method, the multiple 
MCSs are adopted to evaluate the effects of parametric hybrid 
uncertainties on the robustness of optimization results. To build a 
MORO model of the DFM-MGM, the three-dimensional finite 
element model is established firstly and then validated by the 
experiment. Through a parametric study, it is found that five 
dimensional parameters of the permanent magnets (PMs) and 
stator have more significant effects on the stall torque (ST) and ST 
per PM volume (STPPV). Finally, a multi-objective particle 
swarm optimization algorithm with surrogate models, sigma 
criteria design and multiple MCSs method is implemented to solve 
the MORO problem. Both the average standard deviations and 
standard deviation differences of the ST and STPPV are used to 
deal with hybrid uncertainties during MORO. The optimized 
DFM-MGM by MORO has a STPPV 6.3% higher than that of the 
initial design under the same ST constraint. Moreover, the average 
standard deviations and standard deviation differences obtained 
by MORO are much smaller than those achieved by the 
deterministic optimization, indicating that the robustness of 
optimal results can also be significantly improved by the MORO.  
 
Index Terms--Dual-flux-modulator magnetic-geared machine, 
hybrid uncertainties, multi-objective robust optimization, 
robustness, torque performance. 
I.  INTRODUCTION 
n recent years, the magnetic-geared machines (MGMs), 
which integrate the coaxial magnetic gears (CMGs) in the 
permanent magnet (PM) electrical machines, are becoming 
promising power transmission devices for low-speed high-
torque applications with the help of magnetic gearing effects [1]. 
The dual-flux-modulator MGM (DFM-MGM) presented in [2] 
shows higher static stall torque (ST) and higher rate of PM 
utilization than other types of MGMs. It was found that the 
torque capability of MGMs depended significantly on several 
dimensional parameters of the PMs and stator [3]. However, 
there is no such research on the DFM-MGM. Therefore, it is 
essential to conduct a parametric analysis and optimization for 
the DFM-MGM to improve the overall performance. 
Several deterministic optimization designs for the CMGs 
and electric machines to maximize the performance have been 
conducted over the last decade [4-5]. The single objective 
                                                          
 
deterministic design optimization method was applied to 
optimize a dual mechanical port machine with the aim to 
improve the torque performance [6]. The multi-objective 
deterministic optimization (MODO) has also been used to 
achieve the Pareto fronts for maximizing the power and 
minimizing the manufacturing cost of PM generators [7]. 
The deterministic optimization method mentioned above 
cannot consider clearly how the uncertainties of design 
variables affect the optimization process and results [8], 
whereas the torque capability [9] and mechanical deformation 
of electrical machines [10] are essentially affected by the 
uncertainties of design variables. Therefore, it is necessary to 
adopt the robust optimization design method involving the 
uncertainties of design parameters. Recently, a multi-objective 
robust optimization (MORO) method with six-sigma criteria 
was applied to improve the reliability and stability of PM 
machine design optimization [11] by treating the parameter 
uncertainties as random variables of normal distribution. 
Although the conventional robust optimization has been 
applied in electrical machines to improve comprehensively the 
performance, the process may become less meaningful when 
the probability distributions cannot be formed due to the lack of 
sufficient data. Also, in an early stage of design, it can be 
difficult or impossible to acquire the probability distributions of 
the parameter uncertainties [12-13]. In this regard, the interval 
approach is often used because only the lower and upper bounds 
of the uncertainties of variables need to be set. A new robust 
optimization methodology namely the constrained formulation 
method was applied to find the robust optimal solution by 
considering only the interval variables [12]. An MORO was 
conducted to address the effects of interval uncertainty on the 
robust optimization results [13], by which the Pareto solutions 
could be achieved by considering the worst case. 
Unfortunately, the parametric uncertainties are treated as 
either random variables or interval variables only in the above 
robust design optimization. In an actual application, however, 
both the random and interval uncertainties of design parameters 
can exist simultaneously [14]. The single objective robust 
design optimization involving hybrid uncertain variables for a 
mechanical structure was presented in [15]. Moreover, there 
exist also hybrid uncertainties caused by manufacturing and 
assembling of electrical machines, which need to be considered 
in robust optimal design of modern electrical machines. In 
addition, with an emphasis on the cost of electromagnetic 
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devices, the ST and the utilization of PMs may conflict with 
each other [16-17]. Therefore, it is essential to improve the 
robustness of DFM-MGM design optimization by considering 
the random and interval uncertainties of design parameters, and 
simultaneously maximize the ST and ST per PM volume 
(STPPV). 
Until now, no research on the MORO of electrical machines 
has been done with hybrid uncertainties. The MORO method is 
used to minimize the impact of hybrid uncertainties of design 
parameters on the torque performance of the DFM-MGM in this 
paper. The average means, average standard deviations and 
standard deviation differences of the torque performance are 
used to deal with hybrid uncertainties. In order to calculate both 
the average standard deviations and standard deviation 
differences of ST and STPPV, an MORO method combined 
with surrogate models, sigma criteria design and multiple 
Monte Carlo simulations (MCSs) is proposed to address the 
optimization problem considering the hybrid uncertainties of 
design parameters. 
This paper is organized as follows. In Section II, a three-
dimensional (3D) finite element (FE) model of the DFM-MGM 
is developed by using Maxwell, a commercial software of FE 
analysis, and validated by experimental results. Section III is 
devoted to the influence of design parameters of PMs and stator 
on the ST and STPPV. In Section IV, the multi-objective 
particle swarm optimization (MOPSO) algorithm is applied to 
optimize the DFM-MGM with the aim to improve 
simultaneously the robustness of design and torque 
performance considering the hybrid uncertainties. Finally, the 
conclusion is drawn in Section V. 
II.  NUMERICAL MODELING OF THE DFM-MGM 
A.  FE modeling 
The configuration of the studied DFM-MGM is shown in Fig. 
1. The DFM-MGM has two rotors, one stationary flux 
modulator and one stator. Like the conventional CMGs, the 
stationary flux modulator is placed between the two rotors as 
the main flux modulator. The stator core functions as an 
auxiliary flux modulator which is fixed on the housing. The 
angle difference between the axis of stator teeth and pole-pieces 
on the main flux modulator (θ2) is half of the pole-pieces pitch 
angle of the main flux modulator (θ1), as shown in Fig. 1. The 
DFM-MGM employs surface-mounted PMs on the inner rotor 
(IR), that functions as an intermediate without any connection, 
but adopts spoke-type PMs on the outer rotor (OR) as the high 
torque output rotor. In order to eliminate the unbalanced 
magnetic pull, the studied DFM-MGM in this paper has 4 pole-
pairs on the IR (pIR) and 26 pole-pairs on the OR (pOR), resulting 
in a theoretical gear ratio of 6.5. The number of uniformly 
pitched teeth on the stator surface is nt. The number of pole-
pairs of the IR (pIR) is equal to the number of pole-pairs of the 
armature winding (pa), and nt=pa+pOR, such that the armature 
winding can be coupled with two rotors [2]. The rated current 
density of armature winding is set as 6 A/mm2, and the initial 
design parameters of the DFM-MGM are given in Table I. 
Since the end-effects neglected by the two-dimensional FE 
method (FEM) may adversely affect the torque transmission 
capacity of the CMGs [18] and MGMs [19], in order to achieve 
high accuracy field analysis, the 3D FEM that takes into 
account the end-effects is used to calculate the ST and STPPV 
of the DFM-MGM. To verify the mesh independence of the FE 
 
(a)                                                      (b) 
Fig. 1. Topology of the DFM-MGM. (a) 3D exploded view and (b) cross-
section view.  
TABLE I  
KEY PARAMETERS OF THE DFM-MGM 
Quantity Value (unit) 
Pole-pair number of IR (pIR) 4 
Pole-pair number of OR (pOR) 26 
Pole-pair number of armature winding (pa)  4 
Pole-piece number of flux modulators (nf)  30 
Number of stator teeth (nt) 30 
Thickness of IR PMs (tIR) 6 mm 
Pole-arc coefficient of IR (αp) 1 
Length of OR PMs (lOR) 15 mm 
Width of OR PMs (wOR) 5 mm 
Length of stator teeth (lt) 21 mm 
Length of stator yoke (ly) 12 mm 
Slot opening of flux modulators (θF) 6 º 
Slot opening of stator teeth (θS) 5 º 
Thickness of air-gaps 1 mm 
Stack length 60 mm 
 
 
Fig. 2. Test rig for existing DFM-MGM. 
 
Fig. 3.  Comparison with the simulation and measured no-load open-circuit 
EMF. 
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model, the maximum lengths of global elements are set as 4.0, 
3.0, 2.0 and 1.5 mm, respectively. Correspondingly, the total 
number of elements based on the above mesh setting are 
909,032, 1,801,127, 4,081,412 and 6,282,645. When the current 
density is 6 A/mm2, the ST on OR calculated by the 3D FEM 
are 190.8, 195.9, 205.5 and 205.6 Nm, respectively. 
B.  Validation of the FE model 
Fig.2 shows a test rig for measuring the ST and no-load 
open-circuit back electromotive force (EMF) of the existing 
DFM-MGM. The measured ST on OR is 201.0 Nm at the rated 
current density. The errors between the measurement and FE 
analyses with the aforementioned maximum element lengths 
are 5.07%, 2.54%, 2.24% and 2.29%, respectively. When the 
maximum length of global elements is 2.0 mm, the relative 
error is only 2.24%, showing the acceptable mesh convergence 
and accuracy of 3D FE analysis. The corresponding simulated 
value of STPPV is 536.3 Nm/L. The experimental no-load 
open-circuit EMF was measured when the IR was driven by an 
induction motor at the speed of 650 rev/min. As shown in Fig. 
3, the three-phase EMFs predicted by the 3D FEM agree well 
with the experimental results with a relative error of 3.1%. The 
trade-off made on the manufacturing and assembling of the 
DFM-MGM accounts for these tiny discrepancies probably. 
The topological structure of DFM-MGM in the later sections of 
analysis and optimization is kept the same as that of the existing 
DFM-MGM, and only the geometric sizes vary. Therefore, the 
3D FEM results are feasible for later sections. 
III.  SENSITIVITY ANALYSIS 
It has been proven that the torque capability of MGMs 
depends on several dimensional parameters significantly [6]. 
As shown in Fig. 4, the dimensional design parameters of tIR, 
αp, wOR, lOR, lt, ly and θT of the DFM-MGM are selected as the 
key design variables to be studied, while the other unstudied 
geometric parameters are kept the same as the initial design. 
A.  Effect of IR PMs dimensions 
Fig. 5 presents the ST and STPPV of the DFM-MGM with 
different values of tIR and αp while the other parameters are 
fixed. Although the ST goes up with the increase of tIR and αp, 
αp plays a much more important role than tIR on ST, as shown 
in Fig. 5. Specifically, the STPPV decreases with the increase 
of tIR due to the significant growth in the PM consumption. 
However, the STPPV can hardly be affected by αp. In the case 
studied in this paper, the DFM-MGMs with (tIR=8 mm, αp=1.0) 
and (tIR=5 mm, αp=1.0) can achieve the highest ST and STPPV, 
respectively. 
  





Fig. 5. Variation of torque performance due to tIR and αp. (a) ST and (b)
STPPV. 
 
(a)     
 
(b) 
Fig. 6. Variation of torque performance due to wOR and lOR. (a) ST and (b) 
STPPV. 
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B.  Effect of OR PMs dimensions 
The evolution of ST and STTPC of the DFM-MGM as a 
function of wOR and lOR varying within 4-7 mm and 12-15 mm, 
respectively, are shown in Fig. 6. As shown, the ST increases 
first and then decreases with the growth of wOR, and the 
influence of lOR on ST is similar to that shown in Fig. 5 (a). 
However, the STPPV decreases with the increase of wOR and 
lOR due to the significant growth of the PM volume, as shown 
in Fig. 6 (b). For the studied DFM-MGM, the design with 
wOR=6 mm and lOR=14 mm can achieve the highest ST, while 
the design with wOR=4 mm and lOR=12 mm achieves the highest 
STPPV. 
C.  Effect of stator dimensions  
The 3D change trend curves of ST with varying lt, θS and ly, 
θS are shown in Figs. 7 (a) and (b), respectively, while keeping 
other parameters same as the initial design. As shown, the ST 
increases significantly first and then decreases with the 
increasing θS, but the ST hardly changes when lt and ly vary. As 
the parameters of θS, lt and ly exhibit no correlation with the PM 
volume, the variation trend of STPPV with these parameters 
will be the same as that shown in Fig. 7. The highest ST and 
STPPV can be achieved at θS=5° among the studied cases. 
Through the above parametric analysis and discussion, the 
results clearly reveal that lt and ly have nearly no effect on the 
ST and STPPV of the studied DFM-MGM. However, it is found 
that ST and STPPV can be significantly affected by the 
following five parameters: tIR, αp, wOR, lOR and θS, which will 
be selected as the variables for further optimization. 
IV.  MORO OF THE DFM-MGM WITH HYBRID UNCERTAINTIES 
Although the impacts of PM and stator parameters on ST and 
STPPV have been explored, it has not clearly found the robust 
optimal designs yet. Conventionally, the MODO with the 
Pareto fronts is employed to maximize the ST and STPPV. 
However, the MODO cannot consider the perturbations of 
design parameters and the robustness of optimization results to 
uncertainties. In the process of practical manufacturing and 
assembling, the hybrid uncertainties would exist. To increase 
the robustness and torque performance of DFM-MGM 
simultaneously, the MORO method must be used to deal with 
the hybrid uncertainties of variables. 
A.  Mechanism synthesis of MORO 
The uncertain variables are typically classified as random 
and interval variables based upon the availability of the 
probabilistic characteristics [14]. Although it is difficult to 
acquire precisely the probability distributions of αp due to the 
lack of knowledge about the center angle of arcuate IR PMs, the 
lower and upper limits of αp could be obtained. Therefore, αp is 
treated specially as an interval variable in this paper. Whilst 
other design parameters of tIR, wOR, lOR and θS are considered as 
the random variables from the manufacturing perspectives. 
Typically, when the robustness of objectives, constraints and 
design variables are considered, while the other unselected 
parameters, i.e. the outer diameter of the stator and the lengths 
of internal and external air gaps, etc., are kept the same as the 
initial design, the MORO of DFM-MGM involving hybrid 
uncertainties of the design parameters can be formulated as the 
following: 
1 2 1 2
ref ref ref
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where μ is the mean, and λ1 and λ2 are the weighting coefficients 
imposed on the average standard deviation,  , and the 
difference between the maximum and minimum standard 
deviations, (σ), respectively. Since for low-speed high-torque 
applications of DFM-MGM, the high torque performance is 
more important, the weighting coefficients of the average 
means   for ST and STPPV are both set as 0.5, i.e. λ1+λ2=0.5. 
The reference values of ST and STPPV of the initial design, 
STref and STPPVref, are introduced to make two objectives 

























Fig. 7. Variation of the ST. (a) Due to lt, θS and (b) due to ly, θS. 
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where μmax and μmin denote the maximum and minimum means, 
and σmax and σmin the maximum and minimum standard 
deviations, respectively. In order to enhance the robustness of 
optimization results effectively, the value of n is set as 6, 
namely 6σ, to control the width of distribution. The probability 
distribution of these random variables with the standard 
deviations as 1/6 of their manufacturing tolerances is given by 
the normal distribution. The tolerance values are equal to 5% of 
their variation ranges. For industrial manufacturing and 
assembling, the 6σ criteria signifies 0.002 defects per million 
for the short-term, and 3.4 defects per million for the long-term 
[20]. In this paper, the upper and lower variation ranges of the 
interval variable αp equal 5% and -5% of p , respectively, 
where p  is the average of αp. In the variation range of αp, the 
distributions are assumed to be uniform and independent. 
B.  MORO methodology 
Due to the high dimensionality and complexity of the DFM-
MGM with two rotors, one flux modulator and one stator, it is 
difficult to optimize the DFM-MGM by the conventional 
analytical optimization method. The mathematical procedures 
assisted with surrogate modeling are widely used in the electric 
machines design [17]. The selection of sampling points is very 
important for establishing the surrogate models. Since the 
design of experiments (DOE) is an effective method for 
selecting the appropriate number of sample points, the full 
factorial design method as a DOE is adopted to generate 768 
sample points for its uniformity in this study. Then, the ST and 
STPPV responses to these sampling points are obtained by the 
3D FEM. Three different typical surrogate models, the Kriging 
(KRG), polynomial regression (PR) and radial basis function 
(RBF), are all constructed to approximate the responses of ST 
and STPPV, and the one with the highest accuracy is to be used 
for the subsequent optimization. 
In this paper, to assess the accuracies of these surrogate 
models, the normalized root mean square error (RMSE), 
normalized maximum error (ME), and the square value (R2) are 
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where yk and kŷ  denote the results of FE analyses and surrogate 
models for new error analysis point k, respectively, ky  
represents the average value of yk, and n is the number of newly 
created assessment points. It can be noted that smaller 
normalized RMSE and ME are better, and the value of R2 closer 
to 1 is more accurate for the surrogate models. In this paper, the 
additional error analysis points (n=30) are evenly generated by 
the optimal Latin hypercube design method for evaluating these 
surrogate models. The results of accuracy assessment for three 
surrogate models are listed in Table II. As shown, the PR 
surrogate models are the most accurate models, and the R2 for 
the PR surrogate models of the ST and STPPV are 0.9968 and 
0.9975, both very close to 1. Therefore, the PR surrogate 
models are reasonably accurate to predict these responses of ST 
and STPPV and will be employed in the subsequent MORO 
design for the DFM-MGM. The approximate functions of the 
ST and STPPV based on the PR surrogate models are expressed 
as 
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where f1 and f2 are the approximate functions of ST and STPPV 
with the five design parameters, respectively. 
The key to evaluate the robustness of optimization results is 
to translate the uncertainties of design variables into the 
TABLE II 
ACCURACY ASSESSMENT OF THE SURROGATE MODELS 
  RMSE  ME R2 
KRG 
ST 0.0326 0.0646 0.9691 
STPPV 0.0243 0.0489 0.9875 
PR 
ST 0.0177 0.0341 0.9968 
STPPV 0.0153 0.0316 0.9975 
RBF 
ST 0.0252 0.0419 0.9887 
STPPV 0.0199 0.0328 0.9946 
 
Fig. 8. Flow chart of the multiple MCSs procedure. 
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uncertainties of predicted performance in the statistical 
characteristics. Among many existing methods, the Monte 
Carlo simulations (MCSs) are widely used as an effective 
method [8]. In order to assess the robustness of predicted 
response with the random and interval variables, a multiple 
MCSs method is proposed in this paper. Fig. 8 shows the 
flowchart of the multiple MCSs procedure for the robustness 
assessment, where each of the random and interval variables is 
assumed to be independent statistically. In this method, each 
interval variable is firstly divided into many small segments (Ni) 
to handle the interval variables. There are a total number of 
combinations of (Ni)y for all interval variables. Then, for each 
combination, these N are employed by the MCSs for all random 
variables, in which each random parameter is assumed to be 
distributed normally. Therefore, the numbers of hybrid points 
are equal to N × (Ni)y. For each combination of all interval 
variables, the means (μ) and standard deviations (σ) for the 






















                             (9) 
where fz represents the responses of ST and STPPV. For each 
sample point, the number of μ and σ is equal to (Ni)y. Finally,
 ,   and (σ) of the ST and STPPV can be obtained by (2). 
According to the values of  ,   and (σ), the torque 
performance and robustness can be evaluated. The maximum 
value of   and the minimum values of   and (σ) for the ST 
and STPPV of the DFM-MGM are required to obtain the robust 
optimization designs. 
Fig.9 shows the flow charts of the MODO and the developed 
MORO. In this method, the full factorial design method and the 
PR technique are adopted to construct the surrogate models of 
ST and STPPV. Compared with the other non-dominated 
optimal algorithms, e.g. NSGA-II, the MOPSO algorithm is 
proven an effective global multi-objective optimization method 
with fast convergence and well-distributed Pareto fronts [21]. It 
has also been demonstrated that the MOPSO algorithm is 
effective to solve the optimization problems of electromagnetic 
devices [4, 17]. Therefore, the MOPSO algorithm is firstly 
employed to perform the MODO of the DFM-MGM for 
maximizing the ST and STPPV without considering any 
uncertainties. The settings of MOPSO algorithm are listed in 
Table III. The MOPSO algorithm will then be employed for the 
MORO based on multiple MCSs to increase the robustness of 
the optimal results. The number of small segments (Ni) for the 
interval variable αp is set as 20. For each small segment of αp, 
10,000 (N=10,000) MCSs are employed for all random 
variables to obtain the characteristics in statistics. Therefore, 
the number of hybrid points is equal to 10,000×20=200,000. 
Then, the robustness of the solutions is evaluated by the 
multiple MCSs method for each step of the MORO process. 
C.  Results and discussion 
The MOPSO algorithm is employed to obtain the Pareto 
fronts of MODO without any uncertainties and MORO 
considering both the random and interval uncertainties of 
variables. The robustness of MODO results is assessed by the 
multiple MCSs method, where the same random and interval 
variables as those of MORO are considered. In order to observe 
and compare the different effects of   and (σ) on the robust 
optimization results, two sets of (λ1, λ2) as (0.45, 0.05) and (0.05, 
0.45) are respectively selected for optimization. The 
optimization results of the design parameters by MODO and 
MORO are given in Table IV. The comparison of Pareto fronts 
of   for the MODO and MORO are plotted together in Fig. 10. 
 
Fig. 9. Flow chart of the MODO and MORO with hybrid uncertainties. 
TABLE III 
MAIN SETTINGS OF MOPSO 
Setting parameter Value 
Population size 100 
External archive size 50 
Inertial weight 0.730  
Personal learning coefficient 1.496  
Global learning coefficient 1.496 
 
TABLE IV  
OPTIMIZATION RESULT OF THE DESIGN PARAMETERS 
Design 
parameter 
MODO   
MORO with 
1 0.45  2 0.05   
MORO with 
1 0.05  2 0.45   
tIR 6.40 mm 6.92 mm 7.22 mm 
αp 1 1 0.98 
wOR 4.96 mm  4.68 mm  4.62 mm  
lOR 12.00 mm  12.15 mm  12.29 mm  
θS 5.34° 5.67° 5.80° 
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As shown, the Pareto fronts have converged adequately after 
1,000 generations. The optimized results show that the MORO 
with the aforementioned weighting coefficients can achieve an 
STPPV of 7.5% and 6.3% higher than that of the initial design 
under the same constraint of ST, respectively. It is also shown 
that the Pareto fronts of MORO all locate to the left of the 
MODO solutions, which means the lower average means of ST 
and STPPV for the MORO results. This is a result that the 
MORO can reduce the probability of limit violation caused by 
parameter variation and parametric noise. It is interesting to 
note that the Pareto fronts obtained by MORO move farther 
away from those for MODO as the increase of λ2, indicating the 
values of   are worse under more attention to the (σ). 
Fig. 11 presents the Pareto fronts of   for MODO and 
MORO, respectively. It can also be seen that the average 
standard deviations obtained by MORO are smaller than those 
achieved by MODO, indicating that the Pareto fronts become 
more stable. It is also worth noting that the Pareto fronts 
obtained by MORO move to the lower left and the ranges 
become narrower as λ2 decreases. Conversely, the values of (σ) 
are much lower when the value of λ2 is higher, as shown in Fig. 
12. The aforementioned results also reveal that the optimal 
designs by MORO are much tighter for the responses of ST and 
STPPV when the hybrid uncertainties are considered. 
Table V compares the optimal results of MODO and MORO. 
As shown, these errors of optimization results based on 
surrogate models are 0.5% less than the 3D FEM results, which 
demonstrates the effectiveness of MORO method with multiple 
MCSs. It can also be seen that the STPPV achieved by MORO 
is slightly lower than those by MODO under the same 
constraint of ST. The values of   and (σ) are much lower than 
those obtained by MODO. The above results clearly show a 
compromise must be made between the robustness and the 
utilization of PMs at the same value of ST. 
The probability density function (PDF) can describe a 
variable by defining the probability of its occurrence in 
statistics. In order to directly reveal the effects of both the 
random and interval uncertainties of design parameters on the 
robustness of ST and STPPV achieved by MODO and MORO, 
respectively, the families of PDF distributions are presented in 
Fig. 13. The distribution range of the MORO with λ1=0.45 and 
λ2=0.05 is slightly narrower than that of the MODO, as shown 
in Figs. 13 (a) and (c). Compared with the bound of distribution 
 
Fig. 10. The Pareto fronts of average means for MODO and MORO.  
 
Fig. 11. The Pareto fronts of average standard deviations for MODO and
MORO.  
 
Fig. 12. The Pareto fronts of standard deviation differences for MODO and
MORO. 
TABLE V  
  ERROR OF OPTIMIZATION METHOD 
  MODO 
MORO with 
1 0.45   
2 0.05   
MORO with 
1 0.05    
2 0.45   
[S T ]  
(Nm)   
Surrogate models 205.45  205.82  205.58  
3D FEM 205.23  205.54  205.37   
Error 0.11% 0.14% 0.10% 
  [STPPV ]  
(Nm/L) 
Surrogate models 583.19  576.00  570.15  
3D FEM 582.24  575.05  569.06 
Error 0.16% 0.18% 0.20% 
[S T ]  
(Nm) 
Surrogate models 0.35  0.33  0.35  
3D FEM 0.35  0.33  0.35 
Error 0.25% 0.44% 0.49% 
[STPPV ]  
(Nm/L) 
Surrogate models 0.97  0.79  0.88  
3D FEM 0.97 0.79  0.88 
Error 0.34% 0.47% 0.15% 
( [ST ])   
(Nm) 
Surrogate models 6.43*10-3  5.74*10-3  3.81*10-3  
3D FEM 6.42*10-3  5.72*10-3  3.80*10-3 
Error 0.16% 0.35% 0.29% 
( [STPPV ])   
(Nm/L) 
Surrogate models 1.54*10-2 1.12*10-2  0.75*10-2   
3D FEM 1.53*10-2  1.12*10-2  0.75*10-2 
Error 0.48% 0.46% 0.45% 
 
TABLE VI  
COMPARISON OF MODO AND MORO  
 MODO   
MORO with 
1 0.45 
2 0.05   
MORO with 
1 0.05 
2 0.45   
[ST]  207.63 Nm 209.27 Nm 213.18 Nm 
[STPPV]  576.98 Nm/L 568.27 Nm/L 554.33 Nm/L 
[ST]  0.32 Nm  0.29 Nm  0.31 Nm  
[STPPV]  1.01 Nm/L  0.79 Nm/L  0.91 Nm/L  
( [ST])   6.50*10-3 Nm 5.50*10-3 Nm 3.82*10-3 Nm 
( [STPPV])   1.57*10-2 Nm/L 1.26*10-2 Nm/L 0.84*10-2 Nm/L 
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shown in Fig. 13 (a), the bound for MORO with λ2=0.45 is 
much closer to that shown in Fig. 13 (e). The variation of 
distributions for the STPPV shown in Figs. 13 (b), (d) and (f) is 
similar to that for the ST. It can also be seen that the range and 
bound of the distributions for the solutions obtained by MORO 
may shrink with smaller values of   and (σ). Hence, it is 
proven that the robustness of optimization results obtained by 
MORO can be significantly improved. The range and bound of 
the distributions are evidently much narrower with more 
emphasis on (σ), indicating that λ2 may have bigger impact on 
the robustness of optimization results than λ1. 
While the Pareto fronts can be obtained by MODO and 
MORO, it is difficult to choose an overall optimal design result 
from the Pareto fronts. Since each point on the Pareto fronts 
represents one Pareto optimal solution, two objective functions 
can be conflicting. In this paper, three overall optimization 
points from the Pareto fronts shown in Fig. 10 are picked up by 
adopting the normalized minimum distance selection method 
presented in [22]. The results are compared in Table VI. As 
shown, the average standard deviations and standard deviation 
differences of the ST and STPPV obtained by MORO are lower 
than those by MODO, meaning that the robustness of optimal 
results can be improved by MORO. A bigger λ2 may yield lower 
standard deviation differences and higher average standard 
deviations of the optimization results obtained by MORO. 
Therefore, a trade-off must be made between   and (σ) of the 
ST and STPPV in the process of MORO. 
V.  CONCLUSION 
The MORO approach considering both the random and 
interval uncertainties proposed in this paper can improve the 
torque performance and robustness of the DFM-MGM design 
simultaneously. The optimized results show that the STPPV of 
DFM-MGM achieved by MORO is 6.3% higher than that of the 
initial design with the same ST. Compared with the MODO 
results, the optimized counterparts obtained by the MORO 
method can remarkably reduce the values of   and (σ) for the 
optimization results induced by the hybrid uncertainties of 
variables. Furthermore, the weighting coefficient λ2 is found to 
have bigger effects on both the range and bound of the 
distributions for the Pareto solutions than λ1, indicating that the 
robust design with the interval uncertainty has a higher 
requirement for robustness. It is proven that the proposed 
MORO approach is effective to improve the robustness and 
torque performance of DFM-MGM by considering the hybrid 
uncertainties of design parameters. Consequently, the proposed 
method may potentially provide an alternative decision maker 
of robustness problems and new insights into the MORO for 
DFM-MGMs. In addition, the MORO design methodology 
employed in this paper can be applicable to other types of 
electrical machines to achieve optimal designs robust to the 
hybrid uncertainties. 
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